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Fig. 1 Flat plate and its corresponding vortex system.
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Introduction

A N exact solution is available for the ideal two-dimen-
sional � ow past a � at plate at low angles of attack for

which the aspect ratio is in� nity. The exact solution is easily
worked out for the other extreme case of aspect ratio being
zero. In this case the � at plate wing has a � nite span and is
semi-in� nitely long, i.e., has a leading edge, but the trailing
edge is at in� nity. For this case it comes out naturally that the
circulation distribution is elliptic and is independent of the
shape of leading edge. In the present work the momentum
theorem is used to obtain the expression for the leading-edge
suction force as it brings out some subtle features that are not
seen when the conservation of energy is applied. Sears1 also
makes use of the momentum theorem for calculating induced
drag for a high aspect ratio elliptic wing.

Wing in Translation
Basic Theory and Calculation of the Normal Load

In Fig. 1 a semi-in� nitely long � at plate having span length
2b and chord length in� nity is shown exposed to a uniform
stream V` at an angle of attack a. The � at plate can be replaced
by a vortex sheet and at the Trefftz plane, since the � ow be-
comes two dimensional, the � ow� eld is known.

From the two-dimensional theory it is known that

2 2g (`, y) = 2V y sin a/ b 2 y (1)Ïx `

where gx is the intensity of vorticity at the Trefftz plane. It can
be readily veri� ed that it satis� es the no-penetration boundary
condition. Far downstream the value of gy = 0, and at the
leading edge gx = 0. Hence, as we start at in� nity at the port
side of the wing and move toward the leading edge, the vortex
lines gradually start curving, eventually intersecting the mid-
span line, turn, and on reaching in� nity at the starboard side,
become straight (Fig. 1). At any point on the vortex sheet

g = g i 1 g jx y

Using Bernoulli’s equation it is easily shown that the pressure
change Dp across the plate is

Dp = rg V cos ay `

Hence, the total normal load Fz is

b `

F = rV cos a dy g dx (2)z ` yE E
2b 0
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The circulation G at a span location y is

`

G = g d x (3)yE
0

From Helmholtz’s conservation equation it follows that

dG
g (`, y) = 2 (4)x

dy

Substituting for gx from Eq. (1) and integrating Eq. (4) results
in

2 2G = 2V sin a b 2 y (5)Ï`

It is seen that the expression for G is elliptic. Combining Eqs.
(2), (3), and (5) the normal load is obtained as

2 2F = prV b sin a cos az `

Calculation of the Inplane Suction Force

This is easily worked out considering a cylindrical control
volume such that its axis is coincident with the x axis. It has
a radius R and its upstream and downstream bounding planes
are at distances k1R and k2R from the origin, where k1 and k2

are positive constants and could be equal. In the following
analysis, surfaces 1 and 2 refer to the upstream and the down-
stream bounding planes, respectively, and 3 refers to the
curved cylindrical surface. For estimating the order of mag-
nitude of the velocity and the remaining quantities on the
bounding surfaces, the wing is replaced by a single horseshoe
vortex.

From the momentum theorem it is known that

F = 2 P dS 2 rV u dS (6)x nE E
1121 3 1121 3

The contribution of 3 to the momentum integral, which is
caused by the combined effect of the trailing vortices and the
bound vortex, is � rst evaluated. Let (x, y, z) be any point on
surface 3. The normal velocity Vn to the surface 3 satis� es
Vn(x, y, 2z) = 2Vn(x, y, 1z). Also, u = V` cos a 1 u9, where
u9 is only caused by the bound vortex and satis� es the relation
u9(x, y, 2z) = 2u9(x, y, 1z). Hence, rVnu dS reduces to*3

*3 rVnu9 dS. Now, Vn = 2(1/R 2), u9 = 2(1/R 2) and the area of
surface 3 is of the 2(R 2) and, therefore, rVnu9 dS ® 0 as*3

R ® `.
Similarly, the combined contribution of planes 1 and 2 to

the momentum integral is zero. Hence, there is only the pres-
sure integral contribution to the suction force and Eq. (6) re-
duces to

F = 2 (P 2 P ) dS (7)x d` u`E
where Pd` and Pu` represent the pressures far downstream and
far upstream, respectively. From Bernoulli’s equation it follows
that

1 2 2­P 2 P = 2 r[(v9 1 w9 ) 1 2V sin a w9]d` u` 2 `
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Fig. 2 Contour on the Trefftz plane for integration.

Fig. 3 Stationary and rotating co-
ordinate systems.

where v9 and w9 represent the velocity perturbations in the y
and z directions, respectively. From the previous equation and
Eq. (7), it follows that

` `

1 2 2F = r (v9 1 w9 ) dy dzx E E2
2 ` 2 `

` `

1 r V sin aw9 dy dz (8)`E E
2` 2`

The � rst term on the right-hand side (RHS) of Eq. (8) is
called E, which is the kinetic energy of the � ow per unit dis-
tance at the Trefftz plane. Denoting the second term by E 9,
Eq. (8) can be written as

F = E 1 E 9x

From Ref. 2 it follows that

­f
E = 2r f dsR ­n

where f stands for the perturbation potential. Here, the contour
integration is to be done over the right side of the plate at the
Trefftz plane as shown in Fig. 2. In the previous equation, ­f/
­n = 6V` sin a and ds = 6dy for the lower and the upper
sides, respectively, and hence, it can be written as

b

E = rV sin a (f 2 f ) dy (9)` u lE
0

where

b

f 2 f = g (`, h) dh (10)u l xE
y

As the next step the expression for E 9 is considered and can
be written as

` `

­f
E 9 = rV sin a dy dz` E E ­z

2 ` 2`

which simpli� es to

b

E 9 = 2rV sin a (f 2 f ) dy (11)` l uE
0

From Eqs. (8), (9), and (11) the expression for the suction
force is obtained as

b

F = 2rV sin a (f 2 f ) dyx ` u lE
0

Using Eqs. (4) and (5), Eq. (10) simpli� es to

2 2f 2 f = 2V sin a b 2 yÏu l `

The expression for the suction force is � nally given by

1 2 2 2­F = 2 prV b sin ax 2 `

from which the lift force is

2 2 2 1 2 2 3­L = prV b sin a cos a 1 prV b sin a` 2 `

and the induced drag is

1 2 2 2­D = prV b sin a cos ai 2 `

Wing in Roll
In this case the plate is exposed to a uniform stream V` and

is rotating with an angular velocity of v = v i. The angle of
attack is zero. It can be veri� ed that for this case

2 2 2 2g (`, y) = 2v(2y 2 b )/ b 2 yÏx

Using Eq. (4), G is obtained as

2 2G = 2vy b 2 y (12)Ï

Hence, the moment to be applied is

1 4­M = prV vb8 `

The expression for the suction force is obtained from the
momentum theorem and is given by Eq. (7). Since the � ow is
unsteady, from Bernoulli’s equation the expression for the
pressure difference is obtained as

­f 1 2 2P 2 P = 2r 2 r(v9 1 w9 ) (13)d` u`
­t 2

The expression for r(­f/­t) is worked out as follows. In
Fig. 3 the rotating plate is shown at the Trefftz plane. Let the
velocity potential in the plate � xed coordinates Y and Z be
F(Y, Z ). The transformation equations for the new coordinate
system is

Y = y cos vt 1 z sin vt
(14)

Z = 2y sin vt 1 z cos vt

Since f(x, y, t) = F(Y, Z ), it follows that

­f ­F ­Y ­F ­Z
= 1

­t ­Y ­t ­Z ­t

Using Eq. (14), the previous equation at t = 0 simpli� es to

­f ­f ­f
= vz 2 vy

­t ­y ­z

From Eqs. (7) and (13) the expression for the suction force
Fx is obtained as

` `

­f ­f 1 2 2F = r vz 2 vy 1 (v9 1 w9 ) dy dzx E E FS D G­y ­z 22 ` 2 `

(15)
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Fig. 1 Cl(f) characteristics of 65-deg delta wing.1 s = a) 30 and
b) 35 deg.

The � rst term on the RHS of the previous equation is

` `

­f
dz v dy = 0E E ­y

2` 2`

` ` b

­f
y dy v dz = vy(f 2 f ) dy1 uE E E­z

2 ` 2` 2 b

The second term in Eq. (15) is E, the kinetic energy of the
� ow per unit distance at the Trefftz plane, and is shown to be

b

E = 2r vy(f 2 f ) dyu lE
0

Hence, the expression for the suction force given by Eq.
(15) simpli� es to

b 2 4prv b
F = r vy(f 2 f ) dy = 2x u lE 160

It can be veri� ed that the same expression for the suction
force is obtained from the conservation of energy.

Discussion and Conclusions
From the foregoing analysis it is seen that the expressions

obtained for the normal and suction forces are exact. These
results do not depend on the planform shape. In particular the
circulation distribution is elliptic and does not depend on the
shape of the leading edge. It is worthwhile mentioning that the
same results were obtained by Jones in his theory of low aspect
ratio wings by treating the cross� ow past a triangular wing to
be approximately two dimensional. For the cases considered
in the present work, the aspect ratio of the wing is zero, and
hence, this analysis gives the leading term in an asymptotic
expansion for small aspect ratio wings.
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Introduction

F OR aircraft with highly swept wing leading edges the
high-alpha aerodynamics are dominated by the effects of

vortex breakdown. This Note describes the physical � ow pro-
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cesses causing the observed large effect of angle of attack on
the roll­ trim characteristics of a 65-deg delta wing.

The experimental results1 in Fig. 1 for a 65-deg delta wing
show that when the inclination s of the roll axis was increased
from 30 to 35 deg the delta wing lost its stable trim point at
zero roll angle. The multiple roll ­ trim characteristics for s =
30 deg have been analyzed extensively,2­ 7 whereas very little
has been published for other s values. In the case of s = 30
deg, the rapid aft movement of vortex breakdown on the lee-
ward wing-half1 (Fig. 2a), when represented by a discontinu-
ous, jumpwise movement,5­ 7 resulted in the idealized charac-
teristics shown in Fig. 3a. The measured C l(f) characteristics,
although being highly nonlinear, are continuous rather than
discontinuous, with the statically destabilizing data trend start-
ing at uf u = fcr. Figure 2a shows that when uf u > fcr ’ 4
deg, vortex breakdown moves very rapidly toward the trailing
edge on the leeward, rising wing-half. The associated statically
destabilizing increase of the vortex-induced lift overpowers the
statically stabilizing data trend generated by the vortex forward
of vortex breakdown,8 resulting in the measured statically de-
stabilizing C l(f) trend in Fig. 3a for fcr < uf u < fd.

On the right, windward wing-half the vortex breakdown
moves steadily forward toward the apex with increasing roll
angle because of the associated decrease of the effective lead-
ing-edge sweep. The breakdown reaches the apex when uf u
approaches 14 deg (Fig. 2a). Recent experimental results for
a 60-deg delta-wing-body con� guration9 have revealed that a
dramatic change of the vortex-induced loads would occur


